Topological insulators and superconductors at finite temperature can be characterised by the topological Uhlmann phase. However, the direct experimental measurement in condensed matter systems has remained elusive. We explicitly demonstrate that the topological Uhlmann phase can be measured with the help of ancilla states in systems of entangled qubits that simulate a topological insulator. We propose a novel state-independent measurement protocol which does not involve prior knowledge of the system state. With this construction, otherwise unobservable phases carrying topological information about the system become accessible. This enables the measurement of a complete phase diagram including environmental effects. We explicitly consider a realization of our scheme using a circuit of superconducting qubits. This measurement scheme is extendible to interacting particles and topological models with a large number of bands.
1. Introduction.-The search for topological phases in condensed matter [1] [2] [3] [4] [5] [6] has triggered an experimental race to detect and measure topological phenomena in a wide variety of quantum simulation experiments [7] [8] [9] [10] [11] [12] . In quantum simulators the phase of the wave function can be accessed directly, opening a whole new way to measure topological properties [7, 9, 13] beyond the realm of traditional condensed matter. These quantum phases are very fragile, but when controlled and mastered, they can produce very powerful computational systems like a quantum computer [14, 15] . The Berry phase [16] is a special instance of quantum phase, one that is purely geometrical [17] and independent of dynamical effects during the time evolution of a quantum system. When it is invariant under deformations of the path traced out by the system during its evolution, it becomes topological. Topological Berry phases have also acquired a great relevance in condensed matter systems. The now very active field of topological insulators (TIs) and superconductors (TSCs) [1] ultimately owes its topological character to Berry phases [18] associated to the special band structure of these exotic materials.
However, when a TI or a TSC is open to an environment that can cause external noise like thermal fluctuations, these quantum phases are very fragile [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] and may not even be well-defined. These phases of matter are very relevant since they are based on the Berry phase acquired by a pure state. The fragility problem has been successfully solved for one-dimensional systems [30] and extended to two-dimensions later [31] [32] [33] . The key concept behind this theoretical characterisation is the notion of Uhlmann phase [34] [35] [36] [37] [38] , a natural extension of the Berry phase for density matrices.
Although the topological Uhlmann phase is gauge invariant and thus in principle observable, a fundamental question remains: how to measure a topological Uhlmann phase in a physical system? In this work we address this 1 + R n · σ in the Bloch sphere representation. The mixedness parameter r between states |1 and |0 is encoded into the degree of mixedness R = |2r − 1| . We compute the Berry ΦB and Uhlmann ΦU phases for non-trivial topological regimes. If r ∈ {1, 0} or equivalently R < 1, then only ΦU is well defined and highlights a non-trivial topological phase (ΦU = π), provided that R > Rc = |1 − 2rc1,c2|. Here, Rc denotes the critical amount of noise that the system can withstand while remaining topological.
challenge by: 1) proposing a new protocol to measure experimentally this topological phase, and 2) computing the topological phase diagram for qubits with an arbitrary noise parameter r [see Eq. (S1)], described by Hamiltonian (3) . To this end, we employ an ancillary system as a part of the measurement apparatus, in such a way that by encoding the temperature (or mixedness) of the system in the entanglement with that ancilla, the Uhlmann phase appears as a relative phase that can be arXiv:1607.08778v1 [quant-ph] 29 Jul 2016
Circuit diagram to measure the topological Uhlmann phase, e.g., with superconducting circuits as explained in the text. The circuit represents the decomposition of the bi-local unitary evolution US(t) ⊗ UA(t) into elementary single and two-qubit gates [42] . The gate R θ y represents a single qubit rotation about the y-axis for an angle θ, and Z stands for a controlled-phase gate.
determined by interferometric techniques. The difficulty with this type of measurement is that it requires a high level of control, beyond the reach of condensed matter experiments. On the contrary, this situation is specially well-suited for a quantum simulation scenario realised, for example, with superconducting qubits [39] [40] [41] . A summary and a comparison with pure state topological measures are shown in Fig 1. This approach leads naturally to construct a state independent protocol that detects whether a given mixed state is topological in the Uhlmann sense (see Fig. 2 ). Our proposal also provides a novel quantum simulation of the AIII class [43, 44] of topological insulators (those with chiral symmetry) in the presence of disturbing external noise. Other cases of two-dimensional TIs, TSCs and interacting systems can also be achieved by appropriate modifications mentioned in the conclusions. 2. Topological Uhlmann phase for qubits.-We briefly present the main ideas of the Uhlmann approach for a qubit that simulates two-band models of TIs and TSCs. Let θ(t)| 1 t=0 define a closed trajectory along a family of single qubit density matrices parametrised by θ,
where r stands for the mixedness parameter between the θ dependent "ground" state |1 θ and the "excited" state |0 θ , e.g. that of a transmon qubit [45] . Note that ρ θ can be treated as a pure state |Ψ θ in an enlarged Hilbert space H = H S ⊗H A , where S stands for system and A for the ancilla degrees of freedom. A second transmon can be used to realise the ancilla. This process is called purification, and satisfies the constraint ρ θ = Tr A |Ψ θ Ψ θ | , where Tr A takes the partial trace over the ancilla. The set of purifications |Ψ θ generates the family of density matrices ρ θ . The evolution of the purification (system qubit S and ancilla qubit A) can be written as
where |0 = 1 0 and |1 = 0 1 is the standard qubit basis, and U S (t) and U A (t) are unitary matrices determined by the system Hamiltonian and the Uhlmann parallel transport condition. Namely, parallel transport requires that the distance between two infinitesimally closed purifications |Ψ θ(t+dt) − |Ψ θ(t) 2 reaches a minimum value [34] . Physically, this condition ensures that the outcome quantum phase will be purely geometrical and without dynamical contributions. This is actually a source of robustness, since variations on the transport velocity will not change the resulting phase. To form the state in Eq. (S21), entanglement between two superconducting qubits can be created, for instance, via their common coupling to a microwave cavity [46] .
Next, we consider the Hamiltonian of a topological insulator in the AIII chiral-unitary class [43, 44] 
where G θ stands for the two-level gap, and n θ is a unit vector called winding vector [30] . The parameter θ can be varied in time, and it will play the role of the crystalline momentum in topological insulators and superconductors [1] . When invoking the rotating wave approximation this model describes, e.g. the dynamics of a driven transmon qubit [11, 13] . The detuning ∆ = 2 cos θ + M is parametrised in terms of the crystalline momentum θ and a hopping amplitude M , whereas the coupling strength between the qubit and the incident microwave field is given by Ω = 2 sin θ. For pure states in those topological materials (r ∈ {0, 1}), non-trivial topology can be witnessed by the winding number. This is defined as the angle swept out by n θ as θ varies from 0 to 2π, namely,
Then, using Eq. (3) and Eq. (S29), the system is topological (ω 1 = 1) when the hopping amplitude is less than unity (M < 1) and trivial (ω 1 = 0) if M > 1. In fact, the topological phase diagram coincides with the one given by the Berry phase acquired by the ground state |1 θ (or the excited state |0 θ ) of Hamiltonian (3) The computation of the evolutions U S and U A in Eq. (S21) for Hamiltonian (3), yields the following form
The unitary U S implements the eigenstate transport |1 θ = U S |1 and |0 θ = U S |0 , and
pa with p a ∈ [0, 1] defined as the ancillary weight. When p a = p r := 2 r(1 − r), the purification precisely follows Uhlmann parallel transport. For more details, see Sec. I and II of the SM [47] . Now, from Eq. (S21) it is possible to define the relative phase Φ M between the initial |Ψ θ(0) and the final state, i.e. |Ψ θ(t f ) . For Hamiltonian (3), density matrix (S1) and purification (S21), we find
where
In particular, if p a = p r , the relative phase Φ M is called the Uhlmann phase Φ U . This phase is a gauge independent quantity [34] , defined through the parallel transport of the purification |Ψ θ . It also characterises topological order of density matrices [30] [31] [32] [33] , (see Sec. III of the SM [47]).
For a closed path t f = 1, the integral I f = πω 1 = Φ B is precisely the topological Berry phase. In that case the Uhlmann phase simplifies to
From this, we can deduce the topological properties of these topological materials in the presence of external noise, as measured by the parameter r [Eq. (S1)]. This is depicted in Fig. 1 . Namely, if M > 1 then ω 1 = 0, and Φ U = 0 for every mixedness parameter r. If M < 1 then ω 1 = 1 and hence Φ U = arg[− cos(2π r(1 − r))]. If the state is pure (r = 0), then Φ 0 U = π, recovering the same topological phase given by the winding number and the Berry phase. However, for r = 0 there are critical values of the mixedness r c at which p r = 0.5, and the Uhlmann phase, according to Eq. (7), jumps from π to zero (see Fig. 1 ). The first r c1 = 1 4 (2 − √ 3) signals the mixedness at which the system loses the topological character of the ground state. Moreover, there exists another r c2 = 1−r c1 at which the system becomes topological again due to the topological character of the excited state (r → 1). Actually, p r (r = r c ) = 0.5 implies that whenever the state satisfies p r < 0.5, the system is topological in the Uhlmann sense, as long as M < 1. The new reentrance in the topological phase at r c2 was absent in previous works [30] [31] [32] . 3. State-independent protocol.-The application of U S (t) and U A (t) with p a = p r to the purification |Ψ θ(t) implements the Uhlmann parallel transport and hence Φ M = Φ U . However, this would imply knowing the mixedness parameter r of the state beforehand, which is not always possible. Hence, we modify the previous protocol to measure the topological Uhlmann phase without prior knowledge of the state ρ and its mixedness parameter r in the following way.
Firstly, we assume a linear variation θ(t) = v s t, fix v s = 2π and consider open holonomies 1 2 < t f < 1 covering more than half of the complete path. No previous knowledge of the state is assumed to perform the evolution. Hence, the ancillary weight p a might be different than the unknown weight p r in Eq. (S21), but still satisfying 0 ≤ p a ≤ 1. From Eq. (S24), the overlap Ψ θ=0 |Ψ θ=2πt f is always real and thus the phase Φ M has to be 0 or π, depending on both the weight p r associated to the state ρ θ [Eq. (S1)] and the ancillary weight p a .
There is an intuitive reason why we can get topological information out of a phase that is associated to a path that covers more than half of the non-trivial topological loop. Indeed, h(t) is symmetric around t = 1 2 . Then, once we have covered half of the path, we know about the topology of the whole system thanks to this symmetry. Therefore, even an open path for 1 2 < t f < 1 can be considered global.
Using Eq. (S24), we compute the value of p c a (where the superindex c stands for critical) at which Φ M goes abruptly from π to 0 as a function of p r and I f , Finally, in order to experimentally measure the Uhlmann phase, we need to include an extra third qubit acting as a probe P . The measurement protocol is described in Fig. 2 :
Step 1. Following Eq. (S24), we prepare the initial state |Ψ θ=0 ⊗|0 P (red block of Fig. 2 ) using single qubit rotations R θ y about the y-axis for an angle θ and a twoqubit entangling gate, e.g. a controlled phase gate for frequency-tunable transmons [48] .
Step 2. We apply the bi-local unitary U S (t) ⊗ U A (t) on S ⊗ A conditional to the state of the probe P . This is accomplished by single qubit rotations about an angle determined by h(t) and p a (blue block of Fig. 2) , and two-qubit controlled-phase gates. As a consequence the 3 qubits {S, A, P} are in the superposition
Step 3. After the holonomic evolution has been completed, we read out Φ M from the state of the probe qubit. Tracing out the system and ancilla in Eq. (9), the reduced state for the probe qubit is
Thus, by measuring the expectation values σ x and σ y (green block of Fig. 2) , we can retrieve Φ M in the form of
Complementary, if we set p a = p r we are also able to test the Uhlmann parallel transport condition by measuring Φ M at each step along the holonomy.
Under realistic experimental conditions, decoherence and dissipation will adversely affect the measured topological Uhlmann phase. We have thus included a realistic noise simulation based on modest assumptions on the coherence of three transmon qubits. With typical gate durations of 25 and 45 ns for single and two-qubit gates, relaxation times of T 1 ≈ 5µs and coherence times of T 2 ≈ 3µs [49] , we clearly observe a phase jump of π for the Uhlmann phase as shown in Fig. 3 . More details about the simulation are given in the supplementary material [47].
5. Conclusions and Outlook.-We have devised an explicit protocol to perform a realistic measurement of the Uhlmann phase in topological insulators and superconductors implementable in a minimal quantum simulator with 3 superconducting qubits. In particular, we exploit the quantum simulator to realize a controlled coupling of the system to an environment represented by the ancilla degree of freedom. The proposed state-independent protocol allows us to classify states of topological systems according to the Uhlmann measure. Interestingly, some thermodynamical connections to the topological Uhlmann phase have been recently addressed [50] .
An increase of experimental resources such us the number of qubits, the speed and fidelity of the quantum gates, etc. would allow us to study novel topological phenomena with superconducting qubits. In particular, by including interactions in the model Hamiltonian we could test different new features: quantum simulations of thermal topological transitions in 2D TIs and TSCs, the interplay between noise and interactions inside a topological phase, etc. These new effects could be achieved since a system with more interacting qubits can be mapped onto models for interacting fermions with spin [12] . Further details can be found in Sec. V of the SM [47] . Although such a proposal would be experimentally more demanding, it represents a clear outlook when the controllability of more qubits and the possibility of performing more gates with high fidelity would be at hand. M.A.MD., A.R. and O.V. thank the Spanish MINECO grant FIS2012-33152, the CAM research consortium QUITEMAD+ S2013/ICE-2801, the U.S. Army Research Office through grant W911NF-14-1-0103, FPU MEC Grant and Residencia de Estudiantes. S.G., A.W. and S.F. acknowledge support by the Swiss National Science Foundation (SNF, Project 150046). 
SUPPLEMENTARY MATERIAL I. Uhlmann phase for qubit systems
The Uhlmann phase extends the notion of the geometric Berry phase from pure quantum states (Berry) to mixed quantum states described by density matrices. Uhlmann was first to study this problem from a rigorous mathematical perspective [1] and to find a satisfactory solution [2] [3] [4] [5] .
Let θ(t)| 1 t=0 define a trajectory along a family of single qubit density matrices parametrised by θ,
where r stands for the degree of mixedness between the ground state |1 θ and the excited state |0 θ . Note that ρ θ can always be viewed as a pure state |Ψ θ in an enlarged Hilbert space H = H S ⊗ H A , where S stands for system and A for the ancilla degrees of freedom. This process is called purification, and satisfies the constraint ρ θ = Tr A |Ψ θ Ψ θ | . The set of purifications |Ψ θ generates the family of density matrices ρ θ . This aims to be the density-matrix analog to the standard situation where vector states |ψ span a Hilbert space and generate pure states by the relation ρ = |ψ ψ|. Actually, the phase freedom of pure states, U(1)-gauge freedom, is generalised to a U(n)-gauge freedom (n is the dimension of the density matrix). This occurs since |Ψ θ and V t A |Ψ θ are purifications of the same density matrix for some unitary operator V t A acting on the ancilla degrees of freedom. The superindex t denotes the transposition with respect to the standard qubit basis. If the trajectory defined by θ(t) is closed ρ θ(1) = ρ θ(0) , the initial and final purifications must differ just in some unitary transformation V t A , |Ψ θ(1) = V t A |Ψ θ(0) . Hence, by analogy to the pure state case, Uhlmann defines a parallel transport condition such that V A is constructed by imposing that the distance between two infinitesimally closed purifications, Ψ θ(t+dt) − |Ψ θ(t) 2 , reaches its minimum value. Then it is possible to write
where P stands for the path ordering operator along the trajectory θ(t)| 1 t=0 , and A U is the so-called Uhlmann connection form [1, 6, 7] .
The Uhlmann geometric phase is defined from the mismatch between the initial point |Ψ θ(0) and the final point after the parallel transportation, i.e. |Ψ θ(1) ,
This phase is a gauge independent quantity [1] [2] [3] , that comes from the parallel transport of the purification |Ψ θ .
The most explicit formula for the Uhlmann connection was given by Hübner [4] , The derivative of the square-root of the density matrix with respect to the transport parameter θ is given by
We can simplify the connection A U in (S4), for density matrix (S1) and Hamiltonian (3) in the main text. We substitute Eq. (S5) in Eq. (S4), and take into account that the summation indices in Eq. (S4) only runs over the states |1 θ and |0 θ , obtaining
where p r = 2 r(1 − r).
For computational purposes, we fix the gauge for the eigenstates of the system Hamiltonian [Eq. (3) of the main text] such that,
From Eq. (S7) and Eq. (S8), we compute
where n i θ is the i−th component of the winding vector. Finally, we insert Eqs. (S10) in Eq. (S6) and obtain
As the connection in Eq. (S11) commutes for different values of θ, we can drop the path ordering that appears than half of the non-trivial topological loop ( 1 2 < t f < 1) can be considered global and we can get topological information from the phase Φ M .
IV. Noise simulation
We have analyzed the detrimental effect of experimental noise in the proposed measurement scheme. We have modeled this by means of some Liouvillian term L noise , so that the Liouvillian L 0 , accounting for the idealized dynamics, is in fact substituted by L 0 + L noise . Specifically, if some gate is performed during a time τ via some Hamiltonian H 0 , i.e. U gate = e −iH0τ , we substitute
This noise Liouvillian includes typical sources of imperfections: a) some residual ZZ coupling during a C-Phase gate, H ZZ = Jσ z σ z ; b) spontaneous emission and dephasing terms
We have accommodated the values of γ − and γ z to the characteristic longitudinal and transverse relaxation times of T 1 ∼ 5 µs and T 2 ∼ 3 µs. The residual ZZ strength has been taken to be about J ∼ 0.5 MHz [8] . In addition, we consider τ 2π ∼ 25 ns and τ CP ∼ 45 ns as characteristic times for a 2π-rotation on a single qubit and the C-Phase gate (see Fig. 2 of the main text), respectively. Waiting times of 5 ns after a single qubit gate and 40 ns after a C-Phase gate are also included.
In Fig. 3 of the main text, we show the result of the simulation including noise in the determination of the topological Uhlmann phase Φ U . We plot the value of the measured Uhlmann phase as a function of the purity of the state r for M < 1. Despite the noise, the topological transition is clearly noticed.
V. Interacting Systems: New Effects
The protocol to measure the topological Uhlmann phase deals with single-qubit Hamiltonians [Eq. (3) in the main text]. These can be mapped to free-fermion topological insulators. We may identify the ramp parameter θ with the crystalline momentum in the Brillouin zone k.
Nonetheless, more complicated Hamiltonians involving more qubits could be considered in a more general setup. Actually, it has been shown in [9] that an L−qubit interacting system can be mapped onto two types of systems that will be discussed in what follows.
On the one hand, a system of 2 qubits can be mapped to a system of two interacting fermions with spin 1/2. Therefore, an Uhlmann experiment for interacting 2-qubit Hamiltonians would be the first experimental measurement of a topological phase associated to an interacting system in a mixed state. It would be very interesting to analyse how the interacting term counteracts or enhance the effect that noise produces in the system.
On the other hand, there is a complementary mapping from a many-body interacting spin system to Haldanelike models [10] with 2 L bands. These are free-fermion models but the fact of having more bands opens the possibility of having higher topological quantum numbers. From the point of view of the Uhlmann theory of symmetry-protected topological order at finite temperature, one can clearly envision the possibility of testing topological transitions between non-trivial topological phases solely driven by noise or temperature. This is an effect that only appears in systems with high topological numbers as shown in [11] .
